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)LJXUH66L]HH[FOXVLRQFKURPDWRJUDPVVKRZLQJQRFKDQJHLQPROHFXODUZHLJKWIRUD366DQGE
36%U6XSRQVRQLFDWLRQ

DŽĚĞů ǆƉĞĐϭ DŽĚĞů ǆƉĞĐϭ
ƋƵĂƚŝŽŶ ǇсϭΎĞǆƉ;ͲǆͬƚϭͿнǇϬ ƋƵĂƚŝŽŶ ǇсϭΎĞǆƉ;ͲǆͬƚϭͿнǇϬ
ZĞĚƵĐĞĚŚŝͲ^Ƌƌ ϳ͘ϳϬͲϬϱ ZĞĚƵĐĞĚŚŝͲ^Ƌƌ ϯ͘ϯϮͲϬϱ
Ěũ͘ZͲ^ƋƵĂƌĞ Ϭ͘ϵϵϵϯϳ Ěũ͘ZͲ^ƋƵĂƌĞ Ϭ͘ϵϵϵϳϯ
sĂůƵĞ ^ƚĂŶĚĂƌĚƌƌŽƌ sĂůƵĞ ^ƚĂŶĚĂƌĚƌƌŽƌ
W^Ͳ> ǇϬ ͲϬ͘ϬϰϬϲϮ Ϭ͘Ϭϭϲϴϴ W^ƌͲ> ǇϬ Ϭ͘ϬϮϰϴϱ Ϭ͘ϬϬϴϭϳ
W^Ͳ> ϭ ϭ͘Ϭϰϴϲϴ Ϭ͘Ϭϭϱϲϵ W^ƌͲ> ϭ Ϭ͘ϵϴϬϱϮ Ϭ͘ϬϬϳϳϵ
W^Ͳ> ƚϭ ϴϲϴ͘Ϭϯϯϭ ϯϭ͘ϲϬϯϬϱ W^ƌͲ> ƚϭ ϳϬϭ͘ϳϱϭϳϲ ϭϰ͘ϵϱϬϰϰ
W^Ͳ> Ŭ Ϭ͘ϬϬϭϭϱ ϰ͘ϭϵͲϬϱ W^ƌͲ> Ŭ Ϭ͘ϬϬϭϰϯ ϯ͘ϬϰͲϬϱ
W^Ͳ> ƚĂƵ ϲϬϭ͘ϲϳϰϳ Ϯϭ͘ϵϬϱϱϲ W^ƌͲ> ƚĂƵ ϰϴϲ͘ϰϭϳϮϱ ϭϬ͘ϯϲϮϴϲ
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
)LJXUH6([SRQHQWLDOGHFD\ILWRIWKHJUDSK0Q00OLPDVDIXQFWLRQRIWLPH)LJXUHFIRU
SRO\'VWDW/F\DQDQGSRO\VWDW/UHG,WLVDVVXPHGWKDWWKHFKDLQVFLVVLRQIROORZVILUVW
RUGHUNLQHWLFVௗெ೙
ௗ௧
ൌ ݇ሺܯ௡ െܯ௟௜௠ሻ'HJUDGDWLRQUDWHVZHUHILWWHGWR
PLQDQGPLQ
UHVSHFWLYHO\


)LJXUH66L]HH[FOXVLRQFKURPDWRJUDPVVKRZLQJQRFKDQJHLQPROHFXODUZHLJKWIRUDSRO\VWDW
6DQGESRO\'VWDW6XSRQVRQLFDWLRQ

0DWKHPDWLFDOPRGHO
$GHWDLOHGNLQHWLFPRGHORIWKHSRO\PHUGHJUDGDWLRQZDVEXLOWE\ZULWLQJWKHPDVVEDODQFHRIWKH
FRQFHQWUDWLRQRIFKDLQV1QZLWKQUHSHDWLQJXQLWVKHUHDIWHUUHIHUUHGWRDVFKDLQVZLWKOHQJWKQ
,IVXFKFKDLQVDUHWKHRQHVWKDWFDQQRWEHJHQHUDWHGE\VFLVVLRQRIDQ\ODUJHUFKDLQVWKDQWKHLUPDVV
EDODQFHRQO\LQYROYHVILUVWRUGHUNLQHWLFVFRQVXPSWLRQGXHWRXOWUDVRQLFLQGXFHGVFLVVLRQ
Q
Q Q
G1 . 1
GW
              
,ILQVWHDGDFKDLQLVQRWRQO\EURNHQEXWDOVRJHQHUDWHGE\WKHVFLVVLRQRIORQJHUFKDLQVWKHQLWVPDVV
EDODQFHUHDGV
 
O
Q
Q Q L L L Q
L P
G1 . 1 . 1
GW  
     *¦          
DŽĚĞů ǆƉĞĐϭ DŽĚĞů ǆƉĞĐϭ
ƋƵĂƚŝŽŶ ǇсϭΎĞǆƉ;ͲǆͬƚϭͿнǇϬ ƋƵĂƚŝŽŶ ǇсϭΎĞǆƉ;ͲǆͬƚϭͿнǇϬ
ZĞĚƵĐĞĚŚŝͲ^Ƌƌ Ϭ͘ϬϬϯϳϲ ZĞĚƵĐĞĚŚŝͲ^Ƌƌ Ϭ͘ϬϬϭϮϰ
Ěũ͘ZͲ^ƋƵĂƌĞ Ϭ͘ϵϳϰϰϲ Ěũ͘ZͲ^ƋƵĂƌĞ Ϭ͘ϵϵϭϳ
sĂůƵĞ ^ƚĂŶĚĂƌĚƌƌŽƌ sĂůƵĞ ^ƚĂŶĚĂƌĚƌƌŽƌ
 ǇϬ Ϭ͘ϳϵϳϵϭ Ϭ͘ϬϰϳϰϮ  ǇϬ Ϭ͘ϴϬϵϳϵ Ϭ͘ϬϮϯϲϮ
 ϭ Ϭ͘ϵϳϯϲϵ Ϭ͘Ϭϲϰϱ  ϭ Ϭ͘ϵϴϮϴϭ Ϭ͘Ϭϯϲϲϲ
 ƚϭ ϭϯϯ͘ϯϬϬϴ Ϯϲ͘ϳϭϵϳϭ  ƚϭ ϭϭϯ͘ϴϲϲϬϮ ϭϮ͘ϮϯϱϮϭ
 Ŭ Ϭ͘ϬϬϳϱ Ϭ͘ϬϬϭϱ  Ŭ Ϭ͘ϬϬϴϳϴ ϵ͘ϰϰͲϬϰ
 ƚĂƵ ϵϮ͘ϯϵϳϬϴ ϭϴ͘ϱϮϬϲϵ  ƚĂƵ ϳϴ͘ϵϮϱϵϭ ϴ͘ϰϴϬϴ
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
:KHUHWKHLQGLFHVPDQGOFRUUHVSRQGUHVSHFWLYHO\WRWKHVPDOOHVWDQGODUJHVWFKDLQVWKDWFDQSURGXFH
IUDJPHQWVRIPDVVQDQG*LQLVWKHIUDJPHQWGLVWULEXWLRQIXQFWLRQLHWKHSUREDELOLW\WKDWWKHVFLVVLRQ
HYHQWRIDFKDLQZLWKPDVVLZLOOSURGXFLQJDIUDJPHQWZLWKPDVVQZKLFKRIFRXUVHLPSOLHVQL7KH
PDVVEDODQFHRIDFKDLQWKDWFDQRQO\EHSURGXFHGDVDUHVXOWRIWKHIUDJPHQWDWLRQEXWZKLFKFDQQRW
EHEURNHQE\WKHVRQLFDWLRQSURFHVVLVJLYHQE\

O
Q
L L L Q
L P
G1 . 1
GW  
  *¦           
7KHNLQHWLFFRQVWDQWVDUHDIXQFWLRQRIWKHFKDLQOHQJWK7KHIROORZLQJNLQHWLFVHTXDWLRQKDVEHHQXVHG
 L RII. L F ON             
,Q (TXDWLRQ FRII LV WKH FXWRII OHQJWK EHORZ ZKLFK QR VFLVVLRQ RFFXUV 'LIIHUHQW YDOXHV RI WKH
H[SRQHQWOKDYHEHHQSURSRVHGLQWKHOLWHUDWXUHEXWXVXDOO\WKH\DOODUHFORVHWRRQHDQGLQDOORXU
VLPXODWLRQVO KDVEHHQXVHG7KLVPHDQVWKHFKDLQVORQJHUWKDQWKHFXWRIIFDQEHEURNHQDWDUDWH
WKDW OLQHDUO\ LQFUHDVHV ZLWK WKHLU OHQJWK 7KH SURSRUWLRQDOLW\ FRQVWDQW N LV FRQVLGHUHG DV D ILWWLQJ
SDUDPHWHUZKLFKLVGLIILFXOWWRTXDQWLI\H[DFWO\VLQFHLWGHSHQGVRQWKHSRO\PHUFRQFHQWUDWLRQDQGRQ
WKHVHWXSXVHGWRSHUIRUPWKHVFLVVLRQH[SHULPHQWV7KHVLPXODWLRQUHVXOWVVXJJHVW WKDWNLVVDPSOH
GHSHQGHQW7KHYDOXHVRINXVHGLQWKHFDOFXODWLRQVIRUWKHGLIIHUHQWVDPSOHVDUHOLVWHGLQWDEOH
:KDWLVFUXFLDOIRUWKHVROXWLRQRIWKHV\VWHPRIOLQHDUGLIIHUHQWLDOHTXDWLRQVLVWKHIXQFWLRQDOIRUPRIWKH
IUDJPHQWGLVWULEXWLRQIXQFWLRQ,WLVDVVXPHGWKDW*ŝ͕ŶREH\VWKHIROORZLQJFRQVWUDLQW



L
L Q
Q
Q L

 
*  ¦             
ZKLFKH[SUHVVHVWKHFRQGLWLRQVWKDWWKHVXPRIWKHPDVVHVRIDOOIUDJPHQWVHTXDOVWKHPDVVRIWKH
RULJLQDOFKDLQ
7KHDVVXPSWLRQIRU WKHVFLVVLRQSURFHVVPDGH LQ WKLVZRUN LV WKHIROORZLQJ WKHIUDJPHQWGLVWULEXWLRQ
IXQFWLRQ LVDVVXPHG WREHD*DXVVLDQFHQWHUHGDW WKHFHQWHURI WKHFHQWHURI WKHFKDLQDQG UDSLGO\
GHFD\LQJ






L Q
L
L Q $H
V
§ ·¨ ¸© ¹
§ ·
¨ ¸© ¹*             
,Q HTXDWLRQ V LV WKH SDUDPHWHU GHWHUPLQLQJ WKH YDULDQFH RI WKH *DXVVLDQ GLVWULEXWLRQ LH LWV
EURDGQHVV ,Q WKLV ZRUN V KDV EHHQ VHW HTXDO WR  7KH QRUPDOL]DWLRQ FRQVWDQW $ LV GLUHFWO\
GHWHUPLQHGIURPHTXDWLRQ6LQFHWKHEUHDNDJHSURFHVVLVGLVFUHWHDQGQRWFRQWLQXRXVHTXDWLRQ
LVNHSWLQDGLVFUHWHIRUP)URP(TXDWLRQRQHFDQGHWHUPLQHWKHUDQJHRIQYDOXHVWKDWDUH
HIIHFWLYHO\XVHG,QIDFWZKHQWKHDUJXPHQWRIWKHH[SRQHQWLDOHTXDOVWKHYDOXHRIWKHH[SRQHQWLDO
LVDERXWHLHQHJOLJLEOH7KHUHIRUHZHREWDLQ
   
   
 
    
   
   DQG   
L L L LQ Q
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V V V
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
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
(TXDWLRQSURYLGHVWKHUDQJHRIDGPLVVLEOHQYDOXHV
7KHVROXWLRQRI WKHV\VWHPRI OLQHDUGLIIHUHQWLDOHTXDWLRQVFDQEHHDVLO\SHUIRUPHGDQDO\WLFDOO\ XVLQJ
PDWUL[H[SRQHQWLDOV8VLQJDYHFWRUQRWDWLRQWKHV\VWHPRIHTXDWLRQVUHDGV
G
GW
 1 $ 1             
7KHVROXWLRQVXEMHFWWRWKHLQLWLDOFRQGLWLRQ1 1LVJLYHQE\
   WW H $1 1            
7KHVROXWLRQRIWKHV\VWHPRIHTXDWLRQVKDVEHHQFRPSXWHGXVLQJ0DWODE7KHLQLWLDOFRQGLWLRQ
ZDVREWDLQHGIURPWKHPHDVXUHGLQLWLDOPROHFXODUZHLJKWGLVWULEXWLRQRIWKHSRO\PHUVFRQYHUWHGLQWRD
QXPEHUPROHFXODUZHLJKWGLVWULEXWLRQ
)URPWKHIXOOPRGHO LW LVSRVVLEOHWRGHULYHDQHTXDWLRQIRUWKHWLPHHYROXWLRQRIWKHQXPEHUDYHUDJH
PROHFXODUZHLJKW
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
7KLVFDQEHUHDUUDQJHGDV
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
)LQDOO\DIWHUVRPHDOJHEUDLFPDQLSXODWLRQVZHDUULYHWRWKHILQDOH[SUHVVLRQ

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L L M M M L Q Q
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G0 0 . 1 . 1 . 0
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
$ SORW RI WKH NLQHWLF FRQVWDQW.Q LQ WKH FDVH RI WKH SURWHFWHG SRO\PHU DV IXQFWLRQ RI WKHPROHFXODU
ZHLJKWLVOLQHDUZLWKWKHPROHFXODUZHLJKWZLWKDFXWRIIDELWORZHUWKDQWKHRQHXVHGLQ(TXDWLRQ
7KLVVKRZVWKDWWKHQXPEHUDYHUDJHPROHFXODUZHLJKWIROORZVWKHHTXDWLRQ
 Q Q Q
G0 0 & 0
GW
N             
7KHVROXWLRQRIHTXDWLRQLVWKHIROORZLQJ
 

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
(TXDWLRQFDQILWWKH0QGDWDDVDIXQFWLRQRIWLPHYHU\ZHOODVILJXUH6DFOHDUO\LQGLFDWHV
2QHVKRXOGQRWHWKHVLPXODWLRQRI36%U/GDWDLVVRPHKRZGLIILFXOW7KHPRGHOGHYHORSHGLVEDVHGRQ
UHFRYHULQJ WKH LQLWLDOPROHFXODUZHLJKWGLVWULEXWLRQRI WKHSRO\PHUIURPWKHFKURPDWRJUDPV+RZHYHU
WKH FKURPDWRJUDPV RI 36/ DQG 36%U/ DUH DOPRVW LGHQWLFDO VXJJHVWLQJ WKDW WKHLU K\GURG\QDPLF
UDGLXV LVYLUWXDOO\ LGHQWLFDO5HFRYHULQJ WKHPROHFXODUZHLJKWGLVWULEXWLRQ LV WKHUHIRUH LPSRVVLEOH IURP
WKH FKURPDWRJUDPV+RZHYHU WKH WLPH HYROXWLRQ RI WKHPROHFXODUZHLJKW GLVWULEXWLRQ LV DOVR DOPRVW
LGHQWLFDOLQWKHWZRFDVHV7KLVVKRZVWKDWWKHPRGHOZRXOGGRDQLGHQWLFDOO\JRRGMRELQSUHGLFWLQJWKH
WLPHHYROXWLRQRI36%U/JLYHQWKDWWKHFKDLQVKDYHWKHVDPHQXPEHURIPRQRPHUXQLWV
D E
)LJXUH66L]HH[FOXVLRQFKURPDWRJUDPVRI36ZLWKDQDUURZDQGEEURDGPRODUPDVVGLVSHUVLW\
XSRQVRQLFDWLRQ7KHGDVKHGOLQHVDUHH[SHULPHQWDOGDWDZKLOHWKHVROLGOLQHVDUHPRGHOSUHGLFWLRQV
 
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D E
)LJXUH6D7LPHHYROXWLRQRI0QRISRO\'VWDW/7KHOLQHLVWKHPRGHOSUHGLFWLRQZLWK
(TXDWLRQE7LPHHYROXWLRQRIWKHVL]HH[FOXVLRQFKURPDWRJUDPVIRUSRO\'VWDW/
FRPSDUHGWRPRGHOSUHGLFWLRQV


7DEOH69DOXHVRINXVHGLQWKHVLPXODWLRQVLQV
SRO\VWDW
/
SRO\'VWDW
/
36QDUURZ 36EURDG 36/ 36%U/
     


)LJXUH6^ŝǌĞĞǆĐůƵƐŝŽŶĐŚƌŽŵĂƚŽŐƌĂŵƐ;^ƐͿƐŚŽǁŝŶŐƚŚĞďŝŵŽĚĂůŵĂƐƐĚŝƐƚƌŝďƵƚŝŽŶĂƉƉĞĂƌĂŶĐĞĨŽƌW^Ͳ>
ƵƉŽŶƐŽŶŝĐĂƚŝŽŶŽĨĂƐŽůƵƚŝŽŶŽĨƚŚŝƐƉŽůǇŵĞƌŝŶd,&ĨŽƌƚŚĞƚŝŵĞƐŝŶĚŝĐĂƚĞĚŝŶƚŚĞŐƌĂƉŚƐ͘dŚŝƐŐƌĂƉŚ
ĐŽƌƌĞƐƉŽŶĚƐƚŽĚĂƚĂŝŶ&ŝŐƵƌĞϮĂďƵƚǁĂƐŝŶƐƚĞĂĚƉůŽƚƚĞĚĂƐƚŚĞŵĂƐƐĨƌĂĐƚŝŽŶĂƐĂĨƵŶĐƚŝŽŶŽĨƚŚĞŵŽůĞĐƵůĂƌ
ǁĞŝŐŚƚ
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
5HIHUHQFHV
;ϭͿ ^ĐŚĂĞĨĞƌ͕D͖͘,ĂŶŝŬ͕E͖͘<ŝůďŝŶŐĞƌ͕͘&͘D͘DĂĐƌŽŵŽůĞĐƵůĞƐϮϬϭϮ͕ϰϱ͕ϲϴϬϳ͘
;ϮͿ ƵƐĐŚ͕D͖͘tĞďĞƌ͕t͖͘ŝŶŬ͕,͘:ŽƵƌŶĂůĨƺƌWƌĂŬƚŝƐĐŚĞŚĞŵŝĞϭϵϰϬ͕ϭϱϱ͕ϭϲϯ͘
;ϯͿ >ĂǇƚŽŶ͕D͘͖͘DŽƌĂůĞƐ͕͘͖͘^ŚĂŝƌ͕D͘͘:͘ŵ͘ŚĞŵ͘^ŽĐ͘ϮϬϬϮ͕ϭϮϰ͕ϳϳϯ͘
;ϰͿ ĂǀŝƐŽŶ͕͘͖͘&ŽƌďĞƐ͕/͘d͖͘,ŽůŵĞƐ͕͘͖͘tĂƌŶĞƌ͕:͘͘dĞƚƌĂŚĞĚƌŽŶϭϵϵϲ͕ϱϮ͕ϭϭϲϬϭ͘
;ϱͿ ĂƵĞƌ͕d͖͘^ůƵŐŽǀĐ͕͘:ŽƵƌŶĂůŽĨWŽůǇŵĞƌ^ĐŝĞŶĐĞWĂƌƚ͗WŽůǇŵĞƌŚĞŵŝƐƚƌǇϮϬϭϬ͕ϰϴ͕ϮϬϵϴ͘
;ϲͿ ĞƌŬŽǁƐŬŝ͕<͘>͖͘WŽƚŝƐĞŬ͕^͘>͖͘,ŝĐŬĞŶďŽƚŚ͕͘Z͖͘DŽŽƌĞ͕:͘^͘DĂĐƌŽŵŽůĞĐƵůĞƐϮϬϬϱ͕ϯϴ͕ϴϵϳϱ͘
;ϳͿ ^ŝǀĂůŝŶŐĂŵ͕'͖͘ŐĂƌǁĂů͕E͖͘DĂĚƌĂƐ͕'͘ůŚ:͘ϮϬϬϰ͕ϱϬ͕ϮϮϱϴ͘
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